In this article, we consider the monogamy relations for the generalized W class states. Here we first present a monogamy inequality in terms of the squared TqEE for the reduced density matrix of the GW state, then we present a polygamy inequality in terms of TqEE for the reduced density matrix of the GW state. At last, we present a tighter polygamy inequality in terms of TqEEoA for the reduced density matrix of the superposition of generalized W class and the vacuum states.
I. INTRODUCTION
Quantum entanglement [1] is an essential feature of quantum information theory, which distinguishes the quantum from classical theory. One of the fundamental differences between entanglement and classical relations is that there eixsts some restrictions on its distribution and sharability [2] . This property is known as monogamy of entanglement (MoE).
Monogamy relations is valueable on the frustration effects observed in condensed matter physics [3] . MoE is also a key ingredient to make quantum cryptography secure as it quantifies how much information an eavesdropper could potentially obtain about the secret key to be extracted [4, 5] .
Mathematically, MoE for a three-party system ρ ABC can be represented as in terms of some entanglement measure E,
This property was first shown by Coffman et al. [6] in terms of the squared concurrence for a three-qubit mixed state ρ ABC , here we can denote this inequality as CKW inequality. It was generated for n-qubit systems in terms of the squared concurrence later [7] . Then this relation is generalized in terms of the TqEE [8, 9] , the Renyi-α entropy [10] , and the unified entropy [11] for multi-qubit systems. In 2014, Regula et al. proposed a stronger monogamy inequality which generalized the CKW inequality by conjecturing the nonnegativity of ntangle when n ≥ 3 [12] . However, the CKW inequality is invalid for higher dimensional systems in terms of the squared concurrence [13] . In 2016, Lancien et al. even showed any nontrivial monogamy relations can not satisfy for a whole additive entanglement measures [14] . Up to date, it seems only one known entanglement measure, the squashed entanglement, is monogamous for arbitrary dimensional systems [15] . And there are results on states satisfying the monogamy relations in higher dimensional systems. In 2008, Kim and Sanders showed the generalized W class (GW) states satisfying the monogamy inequality in terms of the squared concurrence [16] . In 2015, Choi and Kim showed that the superposition of the generalized W-class states and the vacuum (GWV) states satisfy in terms of the squared convex roof extended negativity strong monogamy inequality [17] . In 2016, Kim showed that a partially coherent superposition (PCS) of a generalized W-class state and the vacuum saturates the strong monogamy inequality [18] , this result is interesting, as it is the first kind of multiqudit mixed states that satisfy the strong monogamy inequality in terms of the squared convex roof extended negativity.
As a generalization of von Neumann entropy, Tsallis-q entropy plays an important role in quantum information theory. It can be used to provide criterion for separability of compound quantum systems [19, 20] , and it is used to generalize global quantum discord and provide a sufficient condition for an n-party quantum state to be monogamous [21] . Furthermore, M. Wajs et al. showed that the entropic bell inequalities in terms of the classical Tsallis-q entropy can be used to investigate the nonlocal corrections which is more suitable than the Shannon entropy [22] .
In this article, we consider the monogamy relations in terms of the TqEE for the reduced density matrix of the GW state. In section II, we present some preliminary knowledge on this article. In section III, we present our main results. First we present a monogamy inequality for the GW state in terms of the squared TqEE, at last, we present a tighter polygamy inequality in terms of TqEEoA for the reduced density matrix of GWV states when q=2. In section IV, we end with a summary.
II. PRELIMINARY KNOWLEDGE
Given a bipartite pure state |ψ AB = i √ λ i |ii , the concurrence is defined as
where ρ A = Tr B ρ AB , when ρ AB is a mixed state, its concurrence is defined as by the convex roof extended method,
where the minimum takes over all the decompositions of ρ AB . As a dual quantity to the concurrence, we can define the concurrence of assistance (CoA) as
where the maximum takes over all the decompositions of ρ AB .
For a pure state |ψ AB = i √ λ i |ii , its TqEE is defined as
for any q > 0, q = 1, here we denote that ρ A = Tr B |ψ ψ|. Assume ρ AB is a mixed state, its
TqEE is defined as
where the minimum takes over all the decompositions of ρ AB . When q → 1, T q (·) converges to the entanglement of formation E(·). As a dual concept of TqEE, the Tsallis-q entanglement entropy of assistance (TqEEoA) was defined as
where the minimum takes over all the decompositions of ρ AB .
From the equalities (2) and (4), we see that when
, from the above equalities, we have
where the function f q (x) =
Now let us recall the definition of the GW states |W
where we assume 
for 0 ≤ p ≤ 1. Let ρ A j 1 ···A jm be a reduced density matrix of |ψ A 1 ···An onto m-qudit subsystems
As each GWV state |ψ A j 1 A j 2 ···A j i |A j i+1 ···A jm is a Schmidt rank 2 pure state by any partition and from the above lemma, we see that for any decomposition {p i ,
···A jm is a Schmidt rank 2 pure state.
III. MAIN RESULTS
Before presenting our main results, we give some lemmas on the properties of the function f q in the equality (8) presented in [9] .
is a monotonously increasing and convex function of the
is a monotonously increasing and concave function for the
is a monotonic increasing function of the concurrence C for any q > 0 and 0 < C < 1, it is a convex function of the concurrence C when
].
Then we have the following result by the similar method in [9] . Theorem 1. Assume ρ A j 1 ···A jm is a reduced density matrix of a pure GW state, then we have
Proof. Here we denote ρ A j 1 |A j 2 ···A jm as ρ AB below. First we would prove T q (ρ AB ) ≤ f q (C 2 (ρ AB )). Assume the decomposition {p i , |ψ i AB } is an optimal decomposition for the TqEE of ρ AB , then we have
where in the first equality, we use the definition of TqEE, in the first inequality, we denote the
The second inequality holds due to the concavity of the function f q (C 2 ) for the squared
Then we will prove T q (ρ AB ) ≥ f q (C 2 (ρ AB )), we can obtain
Here in the first inequality, we use the convexity of f q (C) when q ∈ [
] and the Cauchy-Schwartz inequality, in the second inequality, we denote that the decomposition {s j , |ψ j } is the optimal decomposition for the concurrence C. Combing the inequalities (12) and (13), we have
then as C(ρ AB ) = C a (ρ AB ) [16] , and by the method in [23] , we could find a decomposition {p m , |θ m } of ρ AB such that all of C(|θ m ) are the same. Then we finish the proof.
As in the second part of the proof, we have the following corollary,
Next we will provide a monogamy relation in terms of the TqEE for the reduced density matrix of the GW states when q ∈ [
Theorem 2. Assume ρ A j 1 A j 2 ···A jm is the reduced density matrix of a GW state |ψ A 1 ···An , and here we denote {P 1 , P 2 , · · · , P k } is a partition of the set
], we have the following monogamy inequality,
], we have
Here the second equality is due to the result
, the second inequality is due to the fact that f
, 2], [3,
Trivially, we have the follwing monogamy relations in terms of the α-th power of TqEE for the GW states. Corollary 2. Assume ρ A j 1 A j 2 ···A jm is the reduced density matrix of a GW state |ψ A 1 ···An , and here we denote {P 1 , P 2 , · · · , P k } is a partition of the set
when α ≥ 2.
Theorem 3. Assume ρ A j 1 A j 2 ···A jm is the reduced density matrix of a GW state |ψ A 1 ···An , and here we denote
where the first inequality is due to the concavity of f q (C 2 ) as a function of C 2 .
From the proof of the monogamy inequalities for the GW states above, we see that the method can be generalized to derive monogamy inequalities for the GW states in terms of other entanglement measures, such as the squared convex roof extended negativity [17, 18] , the Rényi − α entropy for α in some region [24, 25] .
Then we consider the PCS states proposed by [18] , which is defined as
where p ∈ [0, 1], then we consider the purification of ρ p such that
here we denote that |φ = d i=1 a n+1i |i with i |a n+1i | 2 = 1. Then we can write
to see that it is a GW state. Then we know that the above properties shown for the GW states are also valid for these mixed states.
Next we will present the polygamy relations for the GWV states in terms of TqEEoA when q=2. Assume |ψ ABC is a GWV state, then by the results in [26]
And here we note that q = 2. Assume that ρ ABC is a reduced density matrix of a GWV state |ψ ABCD , then we have
where in the first equality, we use the defintion of TqEEoA, in the first inequality, we use the theorem 3, in the second inequality is due to the linearity of the operation of the partial trace,
and we also use the definition of the TqEEoA,
Then we have the following theorem. here we denote that {P 1 , P 2 , · · · , P k } is a partition of the set {j 1 , j 2 , · · · , j m }. When q = 2,
we have the following polygamy inequality:
Recently, results on the tighter monogamy inequalities in terms of concurrence [27] , negativity [27] for n-qubit systems and the entanglement of assistance for arbitrary dimensional systems [28] are proposed. However, the results on the study of high dimensional systems are less, next we present a tighter polygamy inequality for the GW states.
, then we have
, then the lemma is equivalent to get the maximum of f (t) when t∈ [1, ∞),
As t ∈ [1, ∞), and f ′ (t) ≤ 0, that is, when t = 1, f (t) get the maximum 2 t − 1. At last,
When we replace t with
, we finish the proof.
We know that any number j ∈ N + can be written as
here we assume log 2 ≤ n, j i ∈ 0, 1. According to the euqality (31), we have the following bijection:
then we denote its Hamming distance w H ( j) as the number 1 of the set {j 0 , j 1 , · · · , j n−1 }.
Next we present the tighter polygamy inequality of the GW states in terms of TqEEoA.
Theorem 5. Let β ∈ [0, 1], when q = 2, assume ρ P P j 0 ···P j m−1 is a reduced density matrix of a GWV state |ψ AA 1 ···A n−1 , then there exists an appropriate order of
Proof. In the process of the proof, we always order the partite
Here we denote that the set A = {ρ P P j 0 ···P j m−1 |ρ P P j 0 ···P j m−1 is a reduced density matrix of a GW state},
is a reduced density matrix of a GW state}
Then we will prove the elements in the set A ∪ B is valid for the inequality (32).
Due to the theorem 4 and the definition of the set B, it is enough to prove
First we prove the theorem is correct when a tripartite mixed state ρ ABC is a reduced density matrix of a GWV state |ψ AA 1 ···A n−1 , according to the inequality (33), we have
here the first inequality is due to the theorem 4, and when a > c > 0, b > 0, a b > c b , and the second inequality is due to the lemma 5.
Then we use the mathematical induction. First let us assume when m < 2 n , the theorem is correct. Then we have when m = 2 n , from the inequality (33), we have
When m is an arbitrary number, we always can choose an n ∈ N + such that 2 n−1 ≤ m ≤ 2 n . Then we choose a 2 n + 1 party quantum state in the set B,
Then due to the inequality (35), we have
From the definition of the state γ P P j 0 ···P j 2 n −1 , we have
then we have
In the proof of the theroem 5, as we assume that β ∈ [0, 1], then Corollary 3. Let β ∈ [0, 1] and ρ P P j 0 ···P j m−1 is a reduced density matrix of a GW state
At last, we present a tighter polygamy relation in terms of TqEEoA for GW states under some conditions we present.
Theorem 6. When q = 2, let β ∈ [0, 1] and ρ P P j 0 ···P j m−1 is a reduced density matrix of a
we have
Proof. According to the lemma 5, we need to prove
Next we use the mathematical induction to prove the inequality (44). When m = 2, similar to the proof of the theorem 5, we see that the theorem is correct. When m ≥ 2, due to the condition (43), we have 
At last, due to the mathematical induction, we have,
combing the inequality (47) and (48), we finish the proof.
IV. CONCLUSION
In this article, we investigate the general monogamy inequalities for the GW states in terms of TqEE. First we present an analytical formula for the TqEE of the reduced density matrix of the GW state in terms of any partitions, then we present a monogamy inequality in terms of the squared TqEE for the reduced density matrices of the GW states, we also present a polygamy inequality in terms of the TqEE for the reduced density matrices of the GW states. At last, we present a tighter polygamy inequality in terms of TqEEoA for the reduced density matrix of GWV states. These results are meaningful as the GW states are in arbitrary n-qudit systems. Due to the importance of the study on the higher dimensional multipartite entanglement systems, and there are few results that the monogamy relations are valid for higher dimensional systems, our results can provide provide a reference for future work on the study of multiparty quantum entanglement.
